We obtain these results by constructing a new, more convenient way of viewing the completion by cuts of a poset. In §4 we use this characterization of the completion by cuts to provide examples which show that if either the condition that P is atomic, or the condition that P is orthocomplete is removed, then the theorem fails; that is P may fail to be a lattice but both P and P may satisfy the covering condition.
Let P be any partially ordered set. For each subset XCP define X u tobe{ί EP: t^x for all xEX} and define X ι = {tEP: t^x for all x G X}. Write X uX __for (X") 1 . Then the completion by cuts of P is the complete lattice P = {X ul : XCP 9 Xf*0} 9 ordered by set inclusion 15].
It is straightforwajd to show that if P ->P: x ->x' is an orthocomplement on P, then *: P-* P: X ul -> {x f : x E X} 1 is an orthocomplement on P [c.f. 4, MacLaren] . P. D. Finch extended this result by providing necessary and sufficient conditions for the conpletion by cuts of an orthocomplemented poset to be orthomodular [2, Proposition 3.2] . Our Theorem 3.6 also shows the rejationship between orthomodularity and the covering condition in P.
tion of this definition, a poset P with zero will be said to satisfy the covering condition if whenever a is an atom of P and b E P with a ^ b, then some upper bound of a covers b. A lattice L with zero having no infinite chains is called upper semimodular or a Birkhoff lattice if it satisfies the property that for all elements a and b, if a Λb < a and a A b < b, then a < avb and b < avb. Birkhoff extended this definition to call a poset P with zero having no infinite chains upper semimodular if it satisfies the condition that whenever a,b,c E P with c < a and c < b then there exists d E P with a < d and b < d.
If L is a lattice having no infinite chains, then upper semimodularity is equivalent to the covering condition. Furthermore, a lattice satisfying these properties is always M-symmetric. Conversely, every M-symmetric lattice satisfies the covering condition. Hence a lattice L (perhaps having infinite chains) is defined to be upper semimodular if and only if it is M-symmetric. (All the above definitions and theorems may be found in BirkHoff, [1]).
Haskins and Gudder have shown that a similar relationship between the definitions holds in posets with no infinite chains as does in lattices [3, Theorem 3.8] . In particular, they show that if P is a connected poset with zero having no infinite chains, then P is upper semimodular if and only if whenever a,b E P with a ^ b, and a covers a lower bound of b, then some upper bound of a covers b. It is straightforward to show that in any orthomodular poset, their second condition is equivalent to the covering condition. Since we will be dealing only with orthomodular posets P, we have, as in lattices, that if P has no infinite chains, then P is upper semimodular if and only if it satisfies the covering condition. On the other hand, since M-symmetry is not defined in a poset, we content ourselves with studying the covering condition in posets having infinite chains.
Lower semimodularity and the dual covering condition are defined dual to upper semimodularity and the covering condition in both posets and lattices. P or L is called semimodular if it is both upper semimodular and lower semimodular. Note that if P or L is orthocomplemented, then it is semimodular if and only if it is either upper semimodular or lower semimodular, and it satisfies the covering condition, if and only if it satisfies the dual covering condition, if and only if it satisfies both of them. x are isotone and φ is a bijection; that is, φ is an isomorphism.
The above theorem makes it much easier to work with the completion by cuts. To simplify our work further, we make the following definition: DEFINITION 3.2. Let P be a poset with 0 and 1. A completion for P is a pair (L,σ) where L is a complete lattice and σ: P-+L is an isotone map satisfying the following properties:
(1) σ is an injection and σ~\ restricted to σ(P), is isotone. Clearly if P C L, satisfies the conditions of the theorem, then L together with the inclusion map is a completion for P. Similarly, if we define μ: P->P: p ->p\ then (P,μ) is a completion for P. It follows immediately from the theorem that if (L x ,σ x ) and (L 2 ,σ 2 ) are both completions for P, then there exists a unique isomorphism θ: L X -*L 2 , such that θσ x = σ 2 .
Now assume that r P-*P is an orthocomplement on P and that (L,σ) is a completion for P. Note that a unique orthocomplement #:L^>L can be defined which satisfies the condition that σ{p)
and (L 2 , σ 2 ) are completions for P, and *: L X^> L X and # : L 2 ->L 2 are these induced orthocomplements, then the unique isomorphism θ: L X^> L 2 satisfying 0σΊ = σ 2 is an or tho-isomorphism; that is, θ(a*) = θ (a) φ for all a EL X . Clearly the easiest completion to work with is one of the form (L, ί), where i is an inclusion. To summaize when we say that L D P is a completion for P, we mean that P is a subposet of L, that given any subset of P its supremem or infimum (if it exists in P) is the same whether computed in P or L, that for any a EL, a = v{xGP:χgα} = Λ{JC-EP: JC g α}, and that if P is orthocomplemented then L is orthocomplemented and the restriction of the orthocomplement of L to P is that of P. Then by the preceding remarks, any properties which hold for such a completion LDP, hold for the standard completion by cuts, P, as defined earlier. Proof. Let α be an atom of P and yGP. We may assume that a^ y. Then there exists JC G P with a ^x and y <x. Since xGL,flvy^i But j^flΛygx and by the last lemma y < x in L, so avy = x E P. We are now ready to prove our main theorem. (1) P satisfies the covering condition.
(2) P is a lattice.
(3) P is a complete lattice. (4) P is orthoisomorphic to P. (5) P is orthomodular. Furthermore, if P has no infinite chains, then the above conditions and the conditions listed below are all equivalent.
(6) P is modular.
The proof that (1) - (4) are equivalent follows immediately from Theorem 3.1, Lemma 3.3, Lemma 3.4 and the preceding remarks. Clearly (4^implies (5) . Now let L D P be a completion for P, and assume that P, and hence L, is orthomodular. Suppose there exists y E L with y £ P. Let C be a maximal 1 subset of atoms in P under y. 
Examples.
We show here that the conditions of Theorem 3.6 may not be weakened. That is, we provide examples of nonatomic, orthomodular, orthocomplete posets with the covering condition for which the theorem fails, and examples of atomic, orthomodular posets with the covering condition which fail to be orthocomplete and for which the theorem fails. , for any h ER satisfying h(n) = f(n)vg(n) for all n EN where /(n)vg(n) exists in Q. A similar result holds for infimums. From the above comments it is straightforward to show that P is an orthomodular poset.
We claim now that P is orthocomplete. To see this, note first that since Q is finite, every maximal orthogonal family of elements of Q is finite. Assume that the largest family of pairwise orthogonal elements in Q contains k elements. Now suppose that {[Λ, ]: i -1,2,..., k + 1} is a pairwise orthogonal family of elements in P. Now for each i = l,...,ifc + l,{n EN: hi(n)£hi(n)} is finite for each / = 1, ,k + 1 with jV i Hence We have constructed an example of a nonatomic orthocomplete, orthomodular poset P for which both P and P satisfy the covering condition. Furthermore, since Q is not a lattice neither is P. Since the covering conditions are satisfied here vacuously, we now construct a less trivial example, which illustrates the same thing. EXAMPLE 4.2. Let P be any orthocomplete, orthomodular poset, having no atoms, which is not a lattice. (Such posets exist by the previous example.) Let L 2 be any complete lattice which is atomic and orthomodular and satisfies the covering condition. (Even a finite Boolean algebra will do.) Then clearly P x L 2 is an orthomodular, orthocomplete poset, which is not a lattice. We claim further that it is nonatomic (but does have some atoms), satisfies the covering condition, and that P x L 2 also satisfies the covering condition.
Let L x 3 P be a completion for P. Then clearly L x x L 2 DPx L 2 is a completion for P x L 2 . (In fact, it follows immediately from Theorem 3.1 that if P and Q are partially ordered sets then P x Q and P x Q are isomorphic.) Now (x,y) is an atom of L x x L 2 if and only if x =0 and y is an atom of L 2 , if and only if (x,y) is an atom of PxL 2 .
So let y be an atom of L 2 and let (a,b)GL ί xL 2 with (0, y)^(α, b). Then y^fr, and L 2 has the covering property, so yvb>b in
Hence L x xL 2 , and thus P x L 2 satisfies the covering condition. Note that if a E P then again (a,b) < (0,y)v(α,b) in P x L 2 , so P x L 2 also satisfies the covering condition.
We have demonstrated in the last paragraph that P x L 2 does have some atoms. We observe, however, that it is not atomic, for if p E P with p ^ 0, then (p,0) does not dominate an atom. EXAMPLE 4.3. Let X be any uncountable set. Fix subsets D U D 2 C X satisfying the conditions that A\(D, Π D 2 ) for / = 1,2 and Di Π D 2 are countably infinite. Let F denote the set of all finite subsets of X, CF denote the set of all cofinite subsets of X, S denote the set of all subsets of X whose symmetric difference with D t for i = 1 or 2 is finite, and let CS denote the set of all subsets of X whose symmetric difference with A for i = 1 or 2 is cofinite. Let P = F U CF U S U CS, ordered by set inclusion. Define an orthocomplement ': P->P to be set theoretic complement.
It is straightforward to show that if p, q E P with p ^q' then p vq exists in P. Hence P is an orthomodular poset, and has the covering property, since p g q if and only if p Π q = 0. Furthermore, since P contains all singletons, it is atomic. Now D x U D 2 & P, so {{*}: x GDi UD 2 } is a pairwise orthogonal family of elements in P whose supremum fails to exist. Hence P is not orthocomplete. Again, since D, Π D 2 £ P and D u D 2 E P, it follows that P is not a lattice.
We have shown that P is an atomic, orthomodular poset with the covering condition, which is not orthocomplete and is not a lattice. We have left only to vertify that P satisfies the covering condition. We will do so by verifying that the power set of X, &(X), is a completion for P. To this end, let Y E 0>(X). Then clearly v{p£P:p^Y} = U {p E P: p C y} = y. Now suppose 7Λ{pG P: p ^ Y}. Then there exists a E Π{p £P: p CY} with α£ y. But X\{a}ECFQP and X\{α}D Y and a£X\{a}, which is a contradiction. Hence P is isomorphic to ^(X) and hence satisfies the covering condition.
